Generalized special Lagrangian torus 
fibration for Calabi-Yau hypersurfaces 
in toric varieties II 

Wei-Dong Ruan 
Department of Mathematics 
University of Illinois at Chicago 
Chicago, IL 60607 

February 1, 2008 

Abstract 

In this paper we construct monodromy representing generalized special 
Lagrangian torus fibrations for Calabi-Yau hypersurfaces in toric varieties 
near the large complex limit. 

1 Introduction 

This paper is a sequel of . The aim of this series of papers is to construct 
generalized special Lagrangian torus fibrations for Calabi-Yau hypersurfaces in 
toric varieties near the large complex limit. In this paper we will use the same 
notations as in unless specified otherwise. 

Let (Pa,w) be a toric variety whose moment map image (with respect to the 
toric Kahler form uj) is the real convex polyhedron A C Mr. Also assume 
that the anti-canonical class of Pa is represented by an integral reflexive convex 
polyhedron Ao C M and the unique interior point of Ao is the origin of M. 
Integral points m G Ao correspond to holomorphic toric sections s m of the anti- 
canonical bundle. For the unique interior point m of Ao, s mo is the section of 
the anti-canonical bundle that vanishes to order 1 along each toric divisor of Pa ■ 

Let {w m } m gA be a strictly convex function on Ao such that w m > for 
m G A \ {m } and w rrio <C 0. Define 

s~t = s mo + ts, s = ^ a m s m , where \a m \ = t w "\ for m G A \ {m }. 

m£Ao\{ra„} 
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(As in the case of Fermat type quintic, in general, Ao need not contain all the 
integral m in the real polyhedron spanned by Ao.) Let X t — {§t (0)}. Then 
{X t } is a 1-parameter family of Calabi-Yau hypersurfaces in Pa- X ~ {s~ x (0)} 
is the so-called large complex limit. X t is said to be near the large complex limit 
if r and t are small and t < T~ Wm ° . 

Since Xq is toric, the moment map induces the standard generalized special 
Lagrangian fibration ttq ■ Xq — > dA with respect to the toric holomorphic vol- 
ume form. In El El EH j we constructed Lagrangian torus fibration for X t 
when X t is near the large complex limit, using the Hamiltonian-gradient flow to 
deform this fibration ttq for Xq symplectically to the desired Lagrangian fibra- 
tion itt '. Xt — ► d A for such X t . The (topological) singular set of the fibration 
map 7r t is C — X t H Sing(Yo), which is independent of t. The corresponding 
singular locus F = ttq{C) is also independent of t. When X t is near the large 
complex limit, F C d A exhibits amoeba structure that is a fattening of a graph 
T C dA. It was conjectured in jS] that the singular locus for the (generalized) 
special Lagrangian torus fibration should resemble the singular locus F of the 
Lagrangian torus fibration. 

[TT] initiated the program of using similar idea to construct generalized special 
Lagrangian fibration for X t by deformation from the standard fibration 7r of 
the large complex limit Xq. As pointed out in due to the canonical nature 
of the generalized special Lagrangian fibration on a Calabi-Yau when we fix the 
Kahler metric, one can construct the generalized special Lagrangian fibration 
over different parts of the base dA separately and they will automatically match 
on the overlaps. 

Recall from ^1] that a (generalized) special Lagrangian fibration of smooth 
torus over an open set U C dA is said to represent the monodromy if dA \ U is 
a fattening of T that retracts to T. 

There is a natural toric map from Pa to its anti-canonical model Pa that 
induces a map it : OA — > 9Aq. Recall that Ao is an integral reflexive polyhe- 
dron. We will use Aq to denote the set of integral points in the fc-skeleton of 
Ao, where the coefficients of the polynomial defining the family of Calabi-Yau 
hypersurfaces are non-zero. Let U C dA be the union of the interior of top 
dimensional faces of dA and a tubular neig hborhood of 7t _1 (Aq 1 ~ 1 ^) in dA. 
(Here n — dim d A.) It is easy to observe that a fibration over U represents 
monodromy from our discussion of the singular locus T in |51 . 

In , we constructed generalized special Lagrangian fibration for X t over two 
types of regions in dA. The type one regions are the interior of top dimensional 
faces in d A (also see [2])- The type two regions are small neighborhoods of 
vertices of dA. Notice from jHlEIj that these two types of regions are exactly 
dual to each other under the so-called symplectic SYZ mirror symmetry proved 



2 



in ^D] for Calabi-Yau hypersurfaces in toric varieties. This construction will 
be enough to produce monodromy representing generalized special Lagrangian 
fibration if Aq™ -1 ' 1 = Ag '' and dim7r _1 (A °' ) ) = 0, which is the case for Fermat 
type Calabi-Yau hypersurfaces. The difficulty to generalize the construction for 
these two types of regions to the rest of 7r _1 (A ™ 1 ') in general is the need to 
deal with "thin torus" fibres that have small circles in some directions and big 
circles in other directions. 

In this paper, we will construct generalized special Lagrangian fibration for X t 
over two other types of regions in dA. The first type is in the neighborhood of 
7r _1 (A^). The second type is in the neig hborhood of tt-^Ao"- 1 ' \ A 0) ). Our 
construction for the thin torus in regions of the first type is rather complete. 
Notice that the mirror of quintic Calabi-Yau satisfies A " ^ = Aq ''. Therefore, 
this construction will be enough to produce monodromy representing general- 
ized special Lagrangian fibration for the mirror family of quintic Calabi-Yau. 
Our construction for the thin torus in regions of the second type is less satis- 
factory, since it will require stronger sense of near the large complex limit for 
the hypersurfaces and toric metric. Nerverthless, this construction will pro- 
duce monodromy representing generalized special Lagrangian fibration for such 
Calabi-Yau hypersurfaces with suitable toric metric. 

In the sequels of this paper, we will give more satisfactory treatment of the 
second type thin torus and discuss some singular fibres. 

This paper is organized as follows. In section 2 we lay out the local setting that 
each of our constructions in section 5 and 6 will reduce to and clarify the esti- 
mates for the thin torus needed to apply the implicit function theorem. These 
estimates are worked out in section 3. In section 4, applying the estimates of 
thin torus from section 3, we work out a precise quantitative version of theorem 
5.1 in |llj . which will be needed for the construction in section 6. Sections 5 and 
6 are devoted to the construction of generalized special Lagrangian fibrations 
over the two types of regions based on the estimates from section 3. As con- 
sequence, we are able to construct monodromy representing generalized special 
Lagrangian torus fibration for a large class of Calabi-Yau hypersurfaces in toric 
variety including the quintic Calabi-Yau 3-fold (corollary l(j.2f) and its mirror 
(corollarv l5.1fl . We also indicated how to generalize our construction to general 
Calabi-Yau hypersurfaces in toric variety in a remark in section 6. 

2 Basic setting 

Using suitable toric coordinate, locally around the region we are interested, we 
can express the hypersurface X t as a hypersurace in C n+ : 

n 

X t = {ze C n+1 \p t (z) = 0}, where p t (z) = z m + tp(z), z m = J[ z™\ 

k=0 
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{0, • • • , n} = I' LSI", m,k < for k e I' and m fc = 1 for k E I" . Correspondingly 
we have decompositions m = (mo, • • • , m n ) = (mf, m") and z = (zq, ■ ■ ■ ,z n ) — 
(z 1 , z"). We will start with the local model. 

Local model: In C™ +1 , consider the family of hypersurfaces {X tt o} defined as 

X t ,o = {z m = t}. 

Clearly X t ,o are all toric varieties. For a toric metric on C™ +1 with Kahler form 
lo, LUt.o — ^{xt o is a toric Kahler form on X t $. Therefore the family of natural 
real torus 

Lt.o ~ {z £ X t fi\\zk\ — rfe(constant), for < k < n] 

form the generalized special Lagrangian torus fibration of X tt o with respect to 
uJt,o- The fibration can also be defined using the fibration map fr t .o : X t .o — > dA 
defined as Tr t fi{z) = {|zfc| 2 — f^ in }]J = g, where A denotes the first quadrant in 
K" +1 and r m ; n = min \zh\- 

0<k<n 

■ 

Let p{z) = logp(z), and 

X Us = {p t , 8 (z) = 0}, where p t , s (z) = z m + te s * {z \ 

We will use the family {^t,s} s e[o,i] to connect the local model Xt,o and Xt — 
Xt.\. Our idea here is to deform the generalized special Lagrangian torus fibra- 
tion of the local model X t ^o to the generalized special Lagrangian torus fibration 
oiX t . 

Hamiltonian-gradient vector fields were discussed in section 4 of ll]. Here we 
will need explicit expressions of them. Generally, consider complex hypersur- 
faces Y t defined by t — u/v, where u and v are holomorphic functions, t is 
meromorphic when the family {Y t } has non-empty base locus. Let V be the 
Hamiltonian-gradient vector field with respect to the family {Y t }. 



Lemma 2.1 When restricted to the complex hypersurface Y t , where t is a con- 
stant, we have 

Vf Re(vV(u-tv)) , , „ . . 

V = — J — t = \, K -ttt^, where / = Re(t). 

\Vf\ \d{u-tv)\ 2 w 

In particular, when Y t are all smooth, V will be smooth vector field on the total 
space y. 

Proof: For t = u/v, we have 

du — tdv 



dt = 
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When restricted to the complex hypersurface Y t , where t is a constant, we have 

Vi = -^tvV(u - tv). 

101 \* 



\7f = -l-Re(vV(u-tv)). 



V/ _ 2Re(vV(w - tv)) 



V = 



|V/| \d(u-tvW 



In lemma |2~T1 we can take u = log(— z rn /t), v — p and replace t by s, V t by X tjS . 
Then along X t . s , 

" dz k 

d(u - sv) = q k , where q k = m k - sz k p k . 

I n Z k 

k—0 

The normalized Hamiltonian-gradient vector field for the parameter s is 

( n d \ 
V = 2Re p > XiZi— — , where 

The normalized Hamiltonian-gradient vector field for the parameter t is 



Let 



(1 n d \ 



1 a 

ft = - A dzi, Qj = z(Vt)ft|x t where p = e s 



(Here ft, ft t , V t and V are also depending on s. We are omitting the subscript 
for the simplicity of notations.) Notice that according to lemma 4.1 of |llj . 
ftt so defined when s = 1 coincides with the holomorphic volume form ft t on 
X t = Xt t i- Let 4> s denote the flow for V. For fixed t, the family (X t , s , w tjS , ft t ) 
of Calabi-Yau manifolds can be reduced to the equivalent family of Calabi-Yau 
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structures {f2f jS = (j)* s ^t} on the fixed symplectic manifold (Xt t o, Wt,o). 

For the generalized special Lagrangian submanifold L t $ in (Xtfi, u>t,o, ^t,o)) 
there is an identification .X^o — T*L tt o near L t .o such that u t .o is identified 
with the canonical symplectic form on T*Lq. (See [T^J for the general case. In 
our toric situation, such identification is actually explicit and does not need the 
general result from |13|.) Any Lagrangian submanifold L near L tj o can be iden- 
tified with the graph of dh for some smooth function h on L t ,o- Under standard 
coordinate (x, y) on T*L fj0 , k>t,o = dx Ady and L is locally the graph (x, ||). 

Locally, (as in 11 , with slight adjustment of notation,) we can write 

n 

fi*,« = Vs f\ (dxk + u s ,kdy), 

k=l 

O t , s | £ = 77, (s, —J det + Us-^J /\ dx k , 

n 

where U a = (u Sl i, ■ ■ ■ ,U Sl „) = {u S; j k ) and u s ^ k dy = y^u Sijk dyj. 

3=1 

F(h,s) = Im(logO t , s |i) = Im ^log?7 s (x, |^ + log det (^I + U s ^ 

defines a map f : 6i x K ^ B 2 , where B x = C 2 ' a {L tfi ) and B 2 = C a (L t , ) 
are Banach spaces. We intend to apply implicit function theorem to F to 
construct the family of generalized special Lagrangians Lt. s with respect to 
(Xt,o, ut,o, ^t,s)- 

Straightforward computations give us 



where 



a^x)=lm(^I + U s ^) U s )[xr-), (2.2) 
6:(,)=Imfl^ + Tr^/ + f // 2 ^"^^ 




Vs dyi \\ dx 2 J dyi dx 2 

In particular, 

(y / 1 \j Ju %\j Ju j u <Xj i 
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where 

a ij (x) = Im(([/ )ii) (x,0), b\x) = Im (-^-) (x,0). 

\ Vo oyi J 

In our toric situation, under the coordinate Xk = 0^ for 1 < k < n, gt,o|i t i s 
a flat metric on L t ,o- According to (3.1) in [TI], we have a lJ '(x) = {gt,o\L t o) y 
being a constant positive definite matrix and b l (x) = 0. Therefore 

F)F f) 2 r)h 

W0) = -(0,0)i=( ft ,„ ka )^ 
is just the standard Laplace operator on L t q. 



Proposition 2.1 Assume that the torus (£t,o> 3t,o|L t o) ^ as bounded diameter. 
Then there exists a constant C (only depending on the dimension) such that 



H^lk < c 



f (0,0) 1,7, 



Proof: One only need to show that C is independent of the thinness of the 
torus. It is easy to see that there exists a finite covering map 7r : L — + Ltfi such 
that (L, g — Tt*gt,o\L t ) is 01 bounded geometry. We will use those symbols with 
"~" to denote the corresponding pullback objects by tt. By standard Schauder 
estimate, we have 



IWIs, i c 



|(0,0) A 



where the constant C only depends on the dimension. Since <5/i and (0, 0)^j <5ft. 
on _L are invariant under the deck transformations, we have 



f h ,0,0, U 



<9F 



(0,0) Sh 



According to the implicit function theorem (theorem 3.2 in |11|). proposition l2.il 
has reduced the construction of the family of generalized special Lagrangians 
Lt,s with respect to (Xt,o, <+>t,0i &>t,s) to the estimates of 



OF OF 



and |F(0,»)|| a 



which will be discussed in the following section. In the following sections, we 
will always assume that || ^ || ,g 1 = ||/i||cr2,<* is bounded (independent oft), which 
will also be part of the condition to apply the implicit function theorem. 
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3 Basic estimates 

In this section, we will derive the basic estimates along the flow of V. The 
parallel estimates along the flow of V t will also be mentioned in the remarks 
following the corresponding results of V. 

Let Z = Diag(zi, • • • , z n ), G = G* = (gij)nxn- G is called T-bounded if 
ZGZ^ 1 is bounded. Notice that as consequence of T-boundedness, we also 
have Z~ 1 GZ and G being bounded. 

Lemma 3.1 If G is T-bounded and det(G) > c> 0, then G -1 is T-bounded. 

Proof: G being bounded and det(G) > c > imply that G^ 1 is bounded. Since 
detiZGZ- 1 ) = det(G), we also have {ZGZ' 1 )- 1 = ZG^Z' 1 being bounded. 
Consequently, G _1 is T-bounded. 



Remark: When apply this lemma, it is often convenient to verify the stronger 
conditions G > cl (c > 0) or G" 1 being bounded in place of det(G) > c > 0. 

Example: Assume that ut g is a toric Kahler metric on C™ +1 with the toric 
Kiihler potential p (as function of {\zk\ 2 }k=o)- Then 



dp 



d 2 p 



9 jk = PkS lk + Pjk z jZk , where p k = p jk - g^g^- 



Let G = {g fk ). Then 



9jk z j 

Zk 



Pkbjk + Pjk\zj\ 2 (which arc in fact smooth 



functions of {|zfc| 2 }fc =0 ) are dearly bounded. Therefore, G is T-bounded. 



Recall that <j> s denotes the flow for V. Let (z , • • • , z n ) = 4> s {zo, ■ • ■ , z°) an( i 

dp 

Zk 

k=a 



= \P\ + zZ 



dz k 



In the following, we will always assume that |^§| is the smallest among \z^.\ for 
< k < n, and use (zi, • • • , z n ) ((z", • • • , z°)) as the local coordinate of X t s 
(Xt,o). 



Lemma 3.2 



A fe =0 



9 log z k 

aio g z° 



Sjk + O [\\p\\ 



d log z k 
d log z° 



o \\P\\ 



More generally, all the multi- derivatives of log z k — logzj? or Afe with respect to 



(logz°,log2: ) are of order O ( ||p 



O 
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Proof: According to (|2.1|) . 



d 2 ^'" z 7 



9 k] 1kq 3 

ZkZj 



Since the matrix (g^) is T-bounded and {g lk ) is bounded, by lemma lTTl (g^ k ) is 



also T-bounded. Consequently, 



is bounded. Hence At = O 



X k are bounded smooth functions of the bounded terms < z k , zj. 



No 



Since 

is straightforward to verify that all of the multi-derivatives of X k with respect 
to (log z, log z) are also of order O I |£ 



— logz fc = V(\ogz k ) = pX k . 
as 



d dlogz k 
ds d log z® 



dp\ k <91ogz . dp\ k d log 2, <9pA fc <91ogz 



dpA fc 9 log ^ 

9 log Zi d log z° d log zo 9 log z® d log Z, 9 log z 

d\og Zi . / SpA/c % 5pA fc \ dlogz. 



/ 9pA fc gj dpA fc 

V 9 log Zj 9o d log z 7 9 log z 



d log zo d log z 

k_\ glogfi 

9 log z i g 9 log z / d log z? ' 



d d\ogz k _ ^ dpX k _ qt dpX k ^ dlogz^ | ^ dpA fc _ gj dpX k ^ 9 log Zj 
(/•-• d log z° 

Notice that 



91ogz l q d log z J d log z° + ^ d log z, g <91ogz 
<9pA fe 9pA fe 



<91ogz° ' 



<91ogz l q d log z 
Similarly 

/ dpX k _ cji dpX k 
\ d log Zj g 9 log z , 

By standard estimate of linear ODE, we 



|A fc |) = [\\p\\ 



■o[\\p\\ 



have 



log z fc = 

d log z k 
d log Zj 



log zl + O 




■o[\\p\\ 



d log Zfc _ 

9 log z° 
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Consequently 



z ^ = - + o[\\p\\ 

4 z k 



o 



o 



Since all the multi-derivatives of Afc with respect to (log z, log z) are of order 
O (lf^| 2 )> by induction and similar ODE estimate, all the multi-derivatives of 

log 2^ — logz° or Xk with respect to (logz°,logz°) are of order O ( \\p\\ % 



or O 



Remark: Along the flow of V* , we have similar estimate as in lemma 
proof, one need to replace ||p|| by m and parameter s by t. When 
for a constant a' > 0, we have the conclusion 



O In the 

0{t a> ) 



A fc = 



d\ogz k 
a log z" 



d log z k 
d log z° 



O 



More generally, all the multi-derivatives of log z k — log z\ or \ k with respect to 
(log z°, log z°) are of order O 



Remark on terminology: In this section, a bounded term or O(l) quite often 

v0|2 > « 



means a bounded smooth function of the bounded terms 



-0 Kol 



'fe ' fc ' |„0|2 

l Z fel J fe=l 



It 



is easy to see that the derivatives of such function with respect to {log l^l 2 }?-, 
will be functions of the same type, therefore are also bounded or 0(1). 



Let uit.o — w lx t0 = ddp = g^dz^dz^ and £j° = ^^dz^dz^, where p 

i,j=l k=l 

P\x t>0 - Th en 



Lemma 3.3 There exists a constant c\ > such that 

Boi/i (gij)nxn and its inverse matrix (g lJ ) n xn are T-bounded. 



Proof: Clearly w° = ^ is quasi-isometric to to. When restricted to 

Xi 



k=0 



10 



k=l 



Since we are considering the region where |zq| is the smallest among all \z%\, 
lu® is quasi-isometric to u> \x t , which is quasi-isometric to uj t ,o — u}\x t - 



i 3 i 3 



It is straightforward to check that (ffij)nxn is T-bounded based on the T- 
boundedness of (s , ij)( n +i) X (n+i)- Then by lemmas 13.11 and the first part of 
this lemma, (g lJ ) n xn is also T-bounded. 



Notice that 

n n 

u>t,o = "\ Xt , = £ d8° k d(\z° k \ 2 p k ) = £ de° k d(\z° k \ 2 Pk - m k \z° \ 2 Po ). 

k=0 k=l 

When we choose x k = 6%, we may take y k = \zl\ 2 p k ~C k = \z k \ 2 p k -m k \z$\ 2 pa- 
ri 

C k for suitable constants C k , 1 < k < n, so that c<j t .o = /J dx k dy k and y\h t : 



0. We have 
Lemma 3.4 



Consequently 



Proof: 



k=l 




df 1 Q ( df 



0(1). 



dyk \z k \ 2 \c?log |z°| 2 



_ - ~ a - z o-o 

012 iljk^j^k- 



d log | zl 

d\og\z*\ 2 1 _.- k 1 g j ~ k z] 1 g*z° 
dyk zpf |z°| 2 zl |*0|a z o 

g^z° gf k Z ° 

By lemma EOl (g-' k ) n xn is T-bounded. Consequently, — and — g-^ are 



bounded, which implies the first claim of the lemma. Then 
df _ Of Slog|z°| 2 1 ^( df 



dy k 91og|z°| 2 8y k \z° k \ 2 Vdlog|z l 2 



O 
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For a function / on W 1 , we will use to denote the (k, apportion of the 

C fc ' Q -norm of /. For example 



[/] C l,a = SUp 



1 < i < n 
x, y <= E™ 



, [/] cl = sup (1^/(^)1) . 



1 < i < r. 



|a;-y|« 

Let /i be a function on i ti0 , we have the following estimates 



Lemma 3.5 

dh 



dx k 



c° 



<C{rlY+«[h] c2 , a , 



d 2 h 



dxjdxk 



dh 



dx k 



<C{rlY\h] c ^, 



< 

c° 

d 2 h 



Cry k min((r»r,(4r)[h} c ^. 



dxjdxk 



< CrM[h] C 2, 



Proof: We will prove the most challenging estimate 

° h <C{rlf[h]c^. 



dx k 



When \x — x'\ > 10r°, we have 



dh . . dh . , 
dx- k {x) -dx- k {x) 



\x — x' 



< 



\x — x' 



— (x) 



— (x') 
dx k [X) 



< 



C 



(r° k ) a 



dh 



dx k 



C 



C° Vk) 

Rescaling the coordinate and metric as x = x/r k , g = g/{r k ) 2 . Then the 
estimate is reduced to 



dh 



dx k 



< C[h]c.a 



It is easy to check that this estimate is always true in a region with bounded 
diameter. In our remaining case, \x — x'\ < 10r" or cquivalently \x — x'\ < 10 
ensures that the region of discussion is bounded with respect to the rescalcd 
metric. The other estimates are similar and easier to prove. 



dzi dr,; 



Zi 



+ id6 l 



dlogri . d9, 
+ 1- 



d log rl d log r° k 



dlogri d6j . 

del 'm; u 



(it = t(v t )n\x t 



1 ™ 

in 



dzi 



q ^ Zi 
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rr (ho o + ( dlogr i + ^ V 91og 
11 \ de i + \-Mr +l im) 



r,- 90,- \ dr? 



90? 90?/ ^dlogrg 91ogr°/ rg 



rj s = dct 

9o 



( d log 



.90,; 



Lemma 3.6 



9 log n . d6i \ 1 / 3 log n . 90; \ 9 log r" 



9/i 



9 log r2 9 log ? 



log|z°| 2 (x,— ) -log|*g| 2 (a:,0) 



<C[h] C 2. 

Proof: With the help of lemma l3~H and 1X31 we have 



91og |z°| 2 



< C max 



l<j<n \ \z 



012 



9ft 



9x, 



< C[h] c2 . 



dh 



dxj 



Remark: According to lemma EOfl ^|z°| 2 fa;, = (l z fe| 2 ( x >°)) wnen 

[/i]c 2 is bounded. For this reason, in the following arguments, we will often omit 
the mentioning of such implicit dependence of \z®\ 2 on h. 



in 

l<l<n Vh°| 2+/3 / 

^). We have 



Let ^ = max 



for /3 = or a (for the flow of V t , replace z° by z in 



Lemma 3.7 For (3 = or a, 



dh 
dx 



W 0,0) 



dr] s 
dyk 



dh 
dx 



< 



C 



(r o )a 



<C(||p||^ + (r ) 1 ^)- 



dh 



dx 



{U s ) ij [x,— )-(U ) ij (x,0) 



CP 



nr 3 



,dU s 



dh 



dx 



dU , 



dyk 



C 



^ (r o Vr o r o (\\PUp + Wc»j) 



(Mien /9 = 0, C* 2 ^ wiZJ mean C 2 . Notice that the second term on the left side 
of each of the estimates is constant.) 
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Proof: The proofs for the four estimates are straightforward and somewhat 
tedious applications of lemmas 13.21 and 13.41 We will carefully prove the third 
estimate here and the proof of the other three are very similar. 



We may write U s — UgU^, where 



d log n .d0i\ 1 / dlogn 



+ i- 



d0i 



d log rl d log 



d log r% 
9yj 



Estimates in lemma l3~2l imply that 



< f "^(^)-(r ( :., ( (■<■<» 



<c\\p\\p^<c\\pUo- 

C° Vi > 



[ dx k 



dh 

dx 



c° 



(r° ) 2 
(r o )a 



<c\mm*<c\mzo- 



c° 



(The last estimate also need lemma l3~4l ^l For a > 0, we have 



(X,^) l;,(.r.<» 



9/i 



9x 



< C 



dh 
dx 



max (\z?\ a )+C max f 

c o l<l<n y ' l<k<n \ 



,dU} 



dh ' 

dx k 



< C 



i MO 



max (kF|-«) + j^Nc^) < + [hM • 



Estimates in lemma I5~2l imply that 



dh 

dx 



C 



< 

c° 



(r 0)2- 



Since is independent of s and x, we have 



ir.;., ( (.r,g)-(f^),, (,-.()) 



c 3 



< C max 

Kfc<n 



dyu 



dh 



dx 



C" 



dh 
dx k 



CP 



/ i i 



for /3 = or a. Combining the estimates for U} and gives the estimate for 
Us- One subtle point is that the estimate of (U})ik involves the factor fefe 
except one term in [(Uj)ik]c° involves 8^. The estimate of (U^)kj involves the 
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factor -jfbr (see lemma . To get the factor in both cases for the final 

k j i j 

estimate of (£7 s )y, we use the following 

fro ) 2 i J_ Kf < j_, , s J_ J_ 

I'jJ 'fc'j r i'j 'i'fc 'i'j r k'j 'i'j 

For the estimates of r/ s , other than those partial derivative terms that can be 
similarly delt with as in the third estimate, there is also an additional factor 
qo = 1 — szqPq that need the following estimate 

{qo-l}ce <C(r ) 1 -' 9 , 
which is straightforward to verify. 



Recall the expressions of a l J(x) and b\(x) from (|2.2|l . Applying lemma 1X71 it is 
easy to derive the following 



Lemma 3.8 For (3 — or a, 



C 



a?i-aV] cf > < {\\p\\^ + [h} c ^). 



* 3 



c 

(r°i) 2 



\PU + [h]c>,0 + (rg) 



0>>l-/3\ 



Proof: Let A = Diag(r°, • • • , r°J, (a«) A = A(a«)A, C/ S A = AC/ S A, (0)' 
A-^A- 1 . Then 



(a«) A = Im| [I + C/? 



dx 2 



dh 

dx 



1 d-q. 



b\{x)=lm -^+Tr \I + Uf — 



d 2 h 



Vs dy 

Estimates in lemma imply that 



dx 2 



du A fd 2 h KA 



dyi \ dx 



CP 



<C(\\p\\& + [h]o,?)- 



Also notice that Uq (x, 0) is a bounded constant matrix and 



fd 2 h\ 
\dx 2 J 



J c 3 



dh" 
dx , 
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Consequently 

H j ) A -(a ij ) A ] c ,<C(\\PU + [h}c^). 
The estimate for b l s is similar by applying lemma 1X71 

Remark: The corresponding estimates along the flow of Vt are 



nr 3 

[b\-b%, < -S> + [ h ] c2 , + |z |^) 
\ r i> 



Proposition 3.1 



dF dF 



<C(||^ Q + M c ^ + (r ) 1 - 
\\F(0, S )\\ B2 <C(\\pM a + (r°y^). 



Proof: Recall that 



and 



£<M-fEH»-<- ? - s, ^ +(,t -< 



F(0,s) =Im(log7 ?s (a;,0)). 



Lemmas 13.81 1331 will imply the first estimate. The second estimate is implied 
by lemma |3~7I 



Remark: We again have the corresponding estimate along the flow of Vt ■ 

<C(£ a +[fc] 0a .a + |3b| 1 - a ). 

||i^(0,i)|| S2 < C(^ Q + kol 1 " ). 



dF OF 
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4 Fibration over top dimensional faces in dA 



In 1 1 1 1 section 5, we constructed the generalized special Lagrangian fibration 
over l/ t top , which is in the interior of the top dimensional faces of dA (also see 
In this section, using our estimates in section 3 for the thin torus, we 
will give a more quantitative characterization of C/ t top , which is crucial for our 
argument in section 6. 

Locally in the face 7g = of d A, we may use (rj , • • • , r°) as local coordinate. 
Take Xq C Pa to be the large complex limit, with the natural generalized 
special Lagrangian fibration Xq — > dA. Smooth part of Xq is a union of top 
dimensional complex torus fibred over top dimensional faces in dA. 

Theorem 4.1 There exists a constant (3 > such that when min ((r°) 2 ) > 

l<k<n 

Cir , the corresponding Lq in theorem 5.1 of will be able to deform to L t C 
X t that form the generalized special Lagrangian fibration over the open set [7 t top 
in the top dimensional faces of dA. 

Proof: According to the remark after lemma EQ1 

mm {{T k f)>C min ((r°) 2 ) > Ct? . 

l<k<n l<k<n 

When (3 > is chosen suitably (for example (3 < ^xj), there exists a' > such 

that (£ Q + |zo| 1_Q ) < Ct a . Start with ||/i||bj < Ci, where C\ is small depending 
on the constant in proposition 12.11 The estimates in proposition 12.11 and the 
remark after proposition 13 . II will enable us to apply the implicit function theo- 
rem (theorem 3.2 in |llp to prove the theorem. In particular, h for the actual 
solution will satisfy H/iUbx < C2^ a ■ 

For fixed small t, to show Lt form a generalized special Lagrangian fibration 
when the fibre Lq vary, it is sufficient to show that non-trivial deformation 
1-forms of Lt have no zeroes on Lt- It is straightforward to check that the 
deformation 1-forms of L t are spanned by {dxk — 4ffe}fe=n where {/fe}5? =1 are 
functions on L t satisfying 

jj d 2 f k t hl dfk_ = b k 



* dxidxj l dx t v 



which can be rewritten as 



9 fa t.a 9 fa , ,i,dfi 



dxidxj dxidxj dxi 

Propositions 12. II lemma l3~5l and the remark after lemma |3~H1 imply that 

\fk\c* <C(U + [h] C 2, a + Izol 1 -") (\fk\c- + \)- 

r k 
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Since [ft.]c 2 >° < Ct a , we have 



C Ct a 



Apply lemma we have 



dfk 
dx k 



< Crl +a \f k \ C 2,„ < Ct a r%. 

c° 



Hence the dxfe-coemcient of dxk — dfk is of order 1 + 0(t a ) which is non-zero 
when t is small. Consequently dxk — dfk does not vanish anywhere. 



5 Fibration near ir ^Aq ^) 

Consider the local situation 

n 

X M = {z e C n+1 \p t , 3 (z) = 0}, where = ]Jz k + tp(z), p(z) = e sp ^ . 

k=0 

Let z = (zq, ■ ■ ■ , z n ) = (V, z"). Correspondingly we have {0, • • • , n} = I' U I". 
Assume that p(z', 0) = 0. Recall the notations from section 2, we have 

Proposition 5.1 When t is small enough, for the generalized special Lagrangian 
thin torus L t $ satisfying 

maxr°<C min ((r° k ) a ), 

kel" l<k<n 

there exists the deformation family of generalized special Lagrangian thin torus 
{-^t,s}se[o,il with respect to (X t fi,uJt.o,^t,s)- Further more, L t . s is part of a 
generalized special Lagrangian fibration in (-Xt,0i k>t,0i &t,s)- 



Proof: Since p(z\ 0) = 0, 



= O ( max r2 
\kel" 



Take a > smaller if necessary, there exists a constant a' > such that 

WPMa + K) 1 -" <ct a '. 

Start with ||/i||bi < C\, where G\ is small depending on the constant in propo- 
sition [O] The estimates in proposition 12 . II and 13 . II will enable us to apply the 
implicit function theorem (theorem 3.2 in jllp to prove the claim. In particu- 
lar, h for the actual solution will satisfy < C^t a . Using similar argument 
as in theorem 14.11 one can show that the non-trivial deformation 1-forms of 
L t s have no zeroes, therefore L t s is part of a generalized special Lagrangian 
fibration in (X t fl,Wt,o,Ck,s)- 
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Theorem 5.1 When t is small enough, there exists an open neighborhood [7 t 
o/tt-^A^) C dA such that for any generalized special Lagrangian fibre L t .o in 
Xt,o over Ul , there exist a smooth family {£i,s} s e[o,il) where Lt, s is a general- 
ized special Lagrangian torus in (Xtfi,u>t,o^t,s) that is Hamiltonian equivalent 
to L t fl. When the fibre L tj o varies over U^°\ </>i(L tj i) C X t ,\ — X t will form a 
generalized special Lagrangian fibration over . This fibration will coincide 
with the fibration over [7 t top (in theorems 5.1 and 5.2 of and theorem \4.1\ ) 
on the overlaps. 

Proof: Generically, a connected component of 7r~ 1 (A °' ) ) is either a point or a 
contractable union of top dimensional faces of dA. The first case was considered 
in 11 . We will deal with the second case here. Near a vertex of 7r~ 1 (A °' ) ), 
7t _1 (Aq°' > ) can locally be identified with a union of several codimension 1 faces 
of the first quadrant in M™ +1 . Assume that cto = {( r o) 2 = \ z o\ 2 = 0} is one of 
these faces. Then all the subfaces of <7o are &i — {{ r i) 2 — 0|i G /} for I 3 0. 
The fibration over a tubular neighborhood of o~i can be discussed using propo- 
sitionEUwith I" = I. 

Without lost of generality, we assume that r2 is in ascending order with respect 
to k. When |7| = 2, I" = I = {0, 1}, we always have 

min rt = r? = max r2 , 
l<k<n K 1 kei" 

and proposition 15.11 will always apply. Therefore the fibration over interior of 
(Jo will extend over each codimension 1 edge of o~q to adjacent codimension 1 
faces of dA. 

In general, let 

Xl = {z° G X tfi \\z° k \ 2 = /x < |z°| 2 , for any he I, j# I.} 
U£ = {z° G X t>0 \ min ((r°) Q ) > maxr° < |z°| 2 , for any j # 1.} 

l<k<n k£l J 

Notice that X* C U- and proposition 15.11 applies to C// . X/ fibres over 07, 
and C// fibres over a neighborhood U ai of aj in dA. U°q = U* fibres over 

130 

U a ° = U ai , which is an open neighborhood of ag. We may take XJ\ fg (U^) 

130 

to be the union of such neighborhoods U°° (U aa ). f7 t (0) is an open neighbor- 
hood of 7r _1 (Ag ^). Apply proposition l5.ll we have an open set llf} C X tl i and 
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fibration tt m : U$ -» U} u) . 

Let (7 be a top dimension face of <9A that is adjacent to 7t _1 (Aq ' ) ). What wc 
have just proved is enough to make the open neighborhood of 7r~ 1 (A °' ) ) 
and [7 t top fl a touch. We need to show that the two fibrations coincide on the 
overlap. From the definitions, it is easy to check that for suitable {rk}2—-\ 
satisfying logr^ are bounded for 1 < A; < n, in the local models, L t (L ) is a 
fibre over (t/ t top fl a), where 

Lt,o = {z G Xj^H^&l = r k (constant), for < k < n}, 

Lq = {zq = 0,\zk\ = rfc (constant), for 1 < k < n}. 

Notice that L tj o and Lq are torus of bounded geometry. This is exactly the 
situation as in the proof of theorem 7.1 of The proof of theorem 7.1 of [TT] 
implies that after suitable adjustment of in Lq, the deformed torus L ti i 

coincide with L\. 



As we mentioned in the introduction, the mirror of quintic Calabi-Yau satisfy 
Ag™ ^ = Aq ''. Apply theorem 15. II we have 



Corollary 5.1 For the mirror of quintic Calabi-Yau or more generally for the 
Calabi-Yau family {X t } in a toric variety P\ satisfying A " ^ = Aq -* with the 
restriction of any toric Kahler metric from Pa, when t is small enough, there 
exists a smooth monodromy representing generalized special Lagrangian torus 
(partial) fibration for X t . 



6 Fibration near ir' 1 ^ L> \ A [ q>) 

Starting from jll| . our discussion so far is valid for any toric Kahler metric on 
Pa- The construction in this section is of somewhat different nature, where the 
precise meaning of near the large complex limit discussed in the introduction 
will be very essential and the toric Kahler metric on Pa also has to depend on 
the Calabi-Yau hypersurface X t C Pa- 

The concept of "near the large complex limit" in this section is slightly different 
from the one in the introduction. In this section, X t is said to be near the large 
complex limit, if r and t = r~ Wm ° are small. Namely, t is not allowed to get 
small independent of r once w is determined. 

Define w m = w m for m e A \ {m } and w mo = 0. {w r ?j}meA is clearly still 
strictly convex on Aq and determines the same simplicial decomposition of Aq 
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as {w m } me A (l - Let Ao denote those integral m in the real polyhedron spanned 
by Ao. Let denote the fc-skeleton of Aq. (Ao (A^) can be reinterpreted 
as containing those integral m in Ao (A fe ^) such that a m 7^ 0.) It is easy to 
see that one can extend {# m } ra gA to {w m (> 0)} me ^ o , which is also strictly 
convex. 

Assumption*: For any rh £ Aq \ Aq ^ (I < n — 1), we assume that there 
exists a primitive top dimensional simplex 5(9 rh) in the simplicial decomposi- 
tion of A determined by {w m (> 0)} meAo such that dimS 1 PI A ^ = I. We also 
assume that Pa is equivalent to its anti-canonical model Pa ■ 

The following argument will apply to the situation when assumption* is satis- 
fied. It will include most notably the situation of Calabi-Yau quintics in CP 4 
with a primitive or a standard simplicial decomposition of Ao. (By standard 
simplicial decomposition, we mean any simplicial subdivision of the standard 
polyhedron decomposition of Ao resulting from cutting by integral hyperplancs 
that are parallel to the faces of Ao.) We will indicate in a remark at the end 
of this section what is needed to generalize the discussion to the general case of 
Calabi-Yau hypersurfaces in toric varieties. 

By adjustment of an affine function, we can make w m = for m £ S, w m > 
for m £ Ao \ S. By further adjustment of a suitable affine function, we can 
make w m — 0, w m — S for m £ S \ {m}, w m > CS for m £ Ao \ 5, where S > 
is a small constant and C > is a constant depending on Ao. Consequently, 
Wm = 0, w m > for m £ Ao \ {m ,rh}. In another word, we have a toric 
coordinate z, whose components are made up with {T~ s s m /sm} m es\{m}j such 
that 



dB\og ( ^ m M 2 =00 log l + r 2A >| 2 + ^"K/sm' 2 

^m£A / \ meA \S 



and 




For Xt, we will use the restriction of the toric Kahler metric on Pa (used in 0) 
with the Kahler potential 




(H=t-» log V r^\s m Y\. (6.1) 



One can observe that locally the situation can be reduced to the basic setting 
of section 2, with 
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w t)g = C0t\x t , a , u t = ddpt = ^2 dz k dz k + 0{t + ). 

k=0 

pt(z) = S t /s m = Z m + tp(z), p(z) = 1 + ^2 a m S m /s 7 ~n- 

mflAo\{m (M m} 

p(z) = logp(z) = 0(r a ), a — min w m . 

m£EAo\{m ,m} 

p t . s (z) = z m + te sp ^. 

Theorem 6.1 When assumption* is satisfied and t is small enough, there exists 
an open neighborhood uj; n X ' of TT^ 1 ( A Q n 1 ') C dA such that for any general- 
ized special Lagrangian fibre L tt o in X t ,o over [7 t ^ , there exist a smooth family 
{Lt, s }se[o,i]; where Lt. s is a generalized special Lagrangian torus in (Xt,o, wt,o, Qt,s) 
that is Hamiltonian equivalent to L t ,o- When the fibre L tt a varies over Iff;" , 
4>i(L t i) C X t i = X t will form a generalized special Lagrangian fibration over 
jj{n i) ^ jyjj s fibration will coincide with the fibration over [/* op ( in theorems 
5.1 and 5.2 of 11 If and theorem \4-l[ ) on the overlaps. 

Proof: For fh £ Ag \ Aq 1 ' (I < n—l), our situation locally is reduced to the 
basic setting of section 2, with V = (S \ {rn}) n A Q l) and I" = S\ (I' U {fh}). 
For a bounded constant ci > 1, consider the region U m , where \z^\ < c% for all 
k and \zk\ > c^ 1 for k G I'. Locally X ts is defined by 

fee/" fee/' 

where m = m a — fh = (mo, ■ ■ ■ ,m n ) = (m',m ). Therefore in U m , we have 
\ z k\ > Ct for k € I" . Take suitable a satisfying 7 = a' + w mo a > 0, we have 

WPUa + (r^) 1 -" < Ct\ in 

Let Um be the region in dA where U m (1 Xt,o is fibred over. Let U[ n l) = 
Um. Then for any generalized special Lagrangian fibre Lt,o in Xt,o 

over , when r is small, according to the discussion in section 2, the esti- 

mates in propositions 12.11 and 13.11 together with the implicit function theorem 
(theorem 3.2 in imply the existence of the family of generalized special 
Lagrangians Lt, s with respect to (X t fi,LUt,o,^t,s)- 

Since the toric Kahler form depends on r, the deformation (section 4) over a 
top dimensional face a of dA need some additional comment. When doing the 
deformation, we use the fixed Kahler form for r, we modify the meaning of t 
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by fixing r and take t £ [0,r~ Wm °]. Then we carry out the deformation as in 
section 4 for parameter t. Such toric Kahler metric is not of bounded geometry 
It can be turned into a metric with bounded geometry in the area of discussion 
via a toric transformation of order 0(t^). It is easy to see the conclusion of 
theorem 14. II is still true for such Kahler metric with perhaps a slightly smaller 
/3 > 0. (f3 in theorem l4.1l mav need to be adjusted by 0( ,J^ , ), which is small 
because \w mo \ 3> 

Let a be a top dimensional face of A that is adjacent to in. In the local toric 
coordinate on U m , assume that a corresponds to the toric devisor {z$ = 0}. It 
is easy to see that there exists torus L tj o in U m satisfying logr/j being bounded 
for 1 < k < n. Such L tj o is of bounded geometry. Based on this, same argument 
as in the proof of theorem 15. II will imply that U m touch t/ t top PI a in theorem l4.ll 
and the two fibrations coincide on the overlap. 



Remark: The result in this section can be extended to Calabi-Yau hypersur- 
faces in general toric varieties. The assumption* in theorem lfi.ll can be removed 
with a suitable construction of the toric metric LUt similar to the construction in 
[TH] , Such construction is straightforward using Legendre transformation but is 
somewhat tedious. We will omit such construction here and defer the general 
case to a sequel of this paper, where using a different method, we will give a 
stronger construction of thin torus near 7r" -HA^T^A^) under any fixed toric 
metric that does not need to depend on t. 

Combining theorems 14. II and 16. II we have 

Corollary 6.1 For the Calabi-Yau family {X t } in Pa satisfying assumption* 
with the restriction of the family of toric Kahler metrics Lo t from Pa , when t is 
small enough, there exists a smooth monodromy representing generalized special 
Lagrangian torus (partial) fibration for X t . 



Corollary 6.2 For the quintic Calabi-Yau family {X t } in CP 4 that determine 
a primitive or a standard simplicial decomposition for Aq, with the restriction of 
the family of toric Kahler metrics 0Jt from CP , when t is small enough, there 
exists a smooth monodromy representing generalized special Lagrangian torus 
(partial) fibration for X t . 
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